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Abstract
This paper generalizes earlier work on Hamiltonian boundary terms by omitting the
requirement that the spacelike hypersurfaces Σt intersect the timelike boundary B
orthogonally. The expressions for the action and Hamiltonian are calculated and the
required subtraction of a background contribution is discussed. The new features of
a Hamiltonian formulation with non-orthogonal boundaries are then illustrated in
two examples.
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1 Introduction
There has recently been a renewed interest, [1, 2], in the Hamiltonian formulation
of general relativity, primarily motivated by the desire to extend its range of ap-
plicability and utility to include more general boundary conditions, such as those
which arise in black hole pair creation [3]. To this date, however, it has been gener-
ally assumed, given the standard 3+1 decomposition of spacetime, that the normal
to the spacelike hypersurfaces is orthogonal to the normal of the boundary of the
spacetime (although the effect of non-orthogonal boundaries has been considered,
for example in [4]-[8], where the action is modified in order to account for joints or
corners where the boundaries may be nonorthogonal). The purpose of this paper
is to derive the gravitational action and Hamiltonian, including all the terms which
arise from the non-orthogonality of the boundaries, and illustrate the utility of such
a derivation by calculating two examples.
Let (M, g) be a sufficiently well-behaved four-dimensional spacetime, admitting
a scalar time function t(xµ), from M onto [0, 1], which foliates M into a family of
spacelike hypersurfaces, {Σt}, of constant t. The boundary of M consists of the
initial and final spacelike hypersurfaces Σ0 and Σ1, as well as a timelike boundary
B, hereafter called the three-boundary. For each Σt, we can define a two-surface,
Bt = Σt ∩ B, which bounds the hypersurface. The family of two-surfaces {Bt}
then foliates the three-boundary B. The spacetime and its submanifolds are shown
in figure 1. The tensors defined on the surfaces are given in table 1, and are an
amalgamation of the notation adopted in [1] and [2]. Greek letters are used for
indices onM, while middle roman letters (i · · ·p) are used for indices on Σt, middle
roman letters with a circumflex for indices on B, and early roman letters (a · · · d) are
used for indices on Bt. Tensors on any of the submanifolds can also be considered as
tensors in M, by the obvious embedding, and in this context are denoted by greek
indices. However, care must be taken with raising and lowering indices. An index is
considered to be lowered or raised by the metric corresponding to the type of index
used.
We will work in a coordinate system adapted to the time function and the three-
boundary, that is, the first coordinate is t, and B is a surface of constant x1. This
allows us to write the metric gµν in the usual ADM [9] decomposition,
ds2 = −N2dt2 + hij(dxi +N idt)(dxj +N jdt), (1)
where N is the lapse function (taken to be the positive square root), and N i, which
lies in the tangent plane of Σt, is the shift vector. We can define a timelike vector field
tµ, which we interpret as connecting corresponding points on adjacent hypersurfaces,
tµ = Nnµ +Nµ, (2)
where nµ is the unit normal to the spacelike hypersurfaces. Thus, given a point on a
hypersurface, its evolution normal to the hypersurface is governed by the lapse func-
tion, while the shift vector dictates its evolution tangent to the hypersurface. The
1
Σ0
Σt
nµ
uµ
Σ1
Bt
B
Figure 1: The spacetime manifold M and its submanifolds are shown, with one
spacelike dimension suppressed. The unit normals nµ, and uµ to the spacelike hy-
persurface Σt and the timelike boundary B are shown at points on the two-surface
Bt.
orientations of the unit normals nµ and uµ are fixed by requiring that they be future
pointing and outward pointing, respectively. The intersection of the two hypersur-
faces is not required to be orthogonal, since this would be an unnecessary restriction
on the spacetime. The non-orthogonality is measured by using the variable
η = nµu
µ, (3)
which clearly vanishes in the orthogonal case.
If we want B to be mapped into itself by tµ, then clearly tµ must lie in the three-
boundary, and hence it must be orthogonal to the normal uµ. For this to occur, it
is necessary that the lapse function and shift vector satisfy
η = −uµN
µ
N
. (4)
2
Covariant Unit Intrinsic Extrinsic
Metric derivative normal curvature curvature Momentum
Spacetime M gµν ∇µ Rµνρσ
Hypersurfaces Σt
embedded in M hij Di nµ Rijkl Kij P ij
Three-boundary B
embedded in M γiˆjˆ Diˆ uµ Θiˆjˆ
Two-boundaries Bt
embedded in Σ σab ri kab
Table 1: The naming conventions for the tensors on the spacetime M, and the
hypersurfaces and surfaces embedded therein.
But, more generally, it is not necessary for tµ to lie in the boundary, and indeed it
is impossible if you are considering a spatial translation.
In section 2 of the paper, the action and Hamiltonian are calculated for metrics of
Lorentzian signature. In order to obtain a finite answer for a non-compact spacetime
it is necessary to consider the action and Hamiltonian relative to a background
spacetime [10]. This process is outlined in section 3. In section 4, two examples are
presented in order to illustrate some of the properties of the Hamiltonians obtained
from spacetimes with non-orthogonal boundaries. The appendices contain various
kinematical equations, some relations based on the particular coordinate system
adopted in this paper, and a summary of the corresponding Euclidean results.
2 Calculation of the Action and Hamiltonian
The standard Hilbert action for Lorentzian general relativity is
I[M, g] = 1
2κ
∫
M
d4x
√−gR+ 1
κ
∫ Σ1
Σ0
d3x
√
hK +
1
κ
∫
B
d3x
√−γΘ
+
1
κ
∫ B1
B0
d2x
√
σsinh−1η, (5)
where κ is 8piG, the integral between Σ0 and Σ1 is notation for the integral over
the final hypersurface, Σ1, minus the integral over the initial hypersurface, Σ0, and
similarly for the integral over the initial and final two-surfaces, B0 and B1, (which
bound the initial and final hypersurfaces Σ0 and Σ1). The final term, referred to
as the corner term, is necessary in order to ensure that the variation of the action
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with respect to the intersection angle η vanishes, [6], and is the only effect of non-
orthogonal boundaries which has been considered previously. In order to obtain
the Hamiltonian, we need to factor the integrals into an integral over time t, and
integrals over spacelike surfaces. We would also like to separate out the terms in the
volume integral which are pure divergence, and convert them to boundary integrals.
Let IM, IB, IΣ, and IB be the integrals over the corresponding manifolds in equation
(5).
Using equation (83), we can substitute, for the curvature scalar R, terms which
lie in the hypersurface Σt. Thus, the volume integral becomes
IM =
1
2κ
∫
M
d4x
√−g[R+KµνKµν −K2 + 2∇µ(nµK − aµ)], (6)
where aµ = nν∇νnµ is the acceleration of the unit normal nµ. We can convert the
final term in the volume integral to a surface integral over the boundary of M.
Thus, IM simplifies to
I ′M =
1
2κ
∫
M
d4x
√−g[R+KµνKµν −K2]. (7)
The integral over the three-boundary becomes
I ′B =
1
κ
∫
B
d3x
√−γ[Θ + uµ(nµK − aµ)], (8)
while the integral over the initial and final hypersurfaces becomes
I ′Σ =
1
κ
∫ Σ1
Σ0
d3x
√
h[K + nµ(n
µK − aµ)]. (9)
But, since nµa
µ vanishes, and the K terms cancel, we see that I ′Σ disappears. Hence,
the action reduces to I ′M + I
′
B + IB,
I =
1
2κ
∫
dt
∫
Σt
d3xN
√
h[R+KµνKµν −K2] + 1
κ
∫
B
d3x
√−γ[Θ + ηK − uµaµ]
+
∫ B1
B0
d3x
√
σsinh−1η. (10)
We now want to maneuver the action into canonical form. Using equation (88), we
can write I ′M in terms of canonical variables,
I ′M =
∫
dt
∫
Σt
d3x [P µν h˙µν −NH− 2P µνDµNν ], (11)
where H is the energy constraint, which vanishes on any solution of the field equa-
tions. From equations (103) and (114) we can write I ′B as
I ′B =
1
κ
∫
dt
∫
Bt
d2xN
√
σ[k − λ2vµ∇µη], (12)
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where vµ = λ(nµ− ηuµ) is the normalized projection of nµ onto the three-boundary,
and λ = (1 + η2)−
1
2 is the normalization constant for the unit vectors rµ and vµ.
We can write the nonorthogonal part of the boundary integral as the sum of a total
derivative and a second term,
I ′B =
1
κ
∫
dt
∫
Bt
d2x [N
√
σk −√−γ(∇µ(vµsinh−1η) + sinh−1η∇µvµ)]. (13)
If we convert the total derivative to a boundary integral over B0 and B1, then it
will cancel IB, and the action will simply be the sum of the integrals over M and
B, where the three-boundary integral is now
I ′′B =
1
κ
∫
dt
∫
Bt
d2xN
√
σ(k + λsinh−1η∇µvµ). (14)
Finally, to obtain the action in canonical form, we need to remove from I ′M the
term involving the derivative of the shift vector. Using equation (91), we obtain
I ′M =
∫
dt
∫
Σt
d3x [P µνh˙µν −NH−NµHµ − 2Dµ(P µνNν)], (15)
where Hµ is the momentum constraint, which also vanishes on any solution of the
field equations. Converting the final term into a surface integral over Bt, the volume
contribution reduces to
I ′′M =
∫
dt
∫
Σt
d3x [P µνh˙µν −NH−NµHµ], (16)
while the boundary term becomes
I ′′′B =
1
κ
∫
dt
∫
Bt
d3xN
√
σ[k + λsinh−1η∇µvµ],−2
∫
dt
∫
Bt
d2x rµP
µν
σ Nν , (17)
where P µνσ is the tensor density P
µν with the correct area element for Bt, as given by
equation (104). Thus, by factoring out the time integral, we can express the action
in canonical form,
I =
∫
dt
{∫
Σt
d3xP µνh˙µν − (Hc +Hk +Ht +Hm)
}
, (18)
where the Hamiltonian,
H [M, g] = Hc +Hk +Ht +Hm, (19)
is a sum of four distinct terms:
1. a constraint term,
Hc =
∫
Σt
d3x [NH +NµHµ], (20)
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2. a curvature term,
Hk = −1
κ
∫
Bt
d2xN
√
σk, (21)
3. a tilting term,
Ht = −1
κ
∫
Bt
d2xNλ
√
σsinh−1η∇µvµ, (22)
4. and a momentum term,
Hm = 2
∫
Bt
d2x rµP
µν
σ Nν . (23)
In the case of orthogonal boundaries, the curvature term, Hk, is usually taken to
give the mass of the system, while the momentum term, Hm, gives the linear or an-
gular momentum. However, it will be shown in section 4 that the two contributions
get mixed up in the non-orthogonal case.
We also see that the only place in which the non-orthogonality appears explicitly
is in the tilting term, Ht. One can see that the action must depend on the way one
chooses the angle between Σt and the three-boundary to vary with time. If the
resulting two-surfaces, Bt, are independent of time, as they would be on an inner
horizon, then the tilting term vanishes, since the total non-orthogonal contribution
to the integral over the three-boundary is simply the negative time derivative of
the corner term, and hence the two terms will cancel. If the two-surface is time-
dependent, as it can be on the boundary at infinity, then Ht will in general be
nonzero. However, this term will cancel when we subtract the action of the back-
ground, as detailed in the next section. Since the action must be independent of
the way in which we choose our boundaries to intersect, we see that a Hamiltonian
treatment of the action will not work unless we include a background subtraction
to remove the tilting term.
3 Background Spacetime
If the time surfaces Σt are non-compact, the action is calculated by evaluating the
action on a compact region, and then letting the boundary tend to infinity. This is
problematic, since the Hamiltonian will generally diverge as the boundary is taken
to infinity. However, it makes sense to define the physical Hamiltonian, HP , to be
the difference between the Hamiltonian for the space under consideration, and the
Hamiltonian for some background solution of the field equations, which can be re-
garded as a ground state for solutions with that asymptotic behaviour. Quantities
defined on the background spacetime are indicated by a tilde. A minimum require-
ment for a solution to be regarded as a ground state would seem to be that it had a
timelike Killing vector, but one might also ask that it was completely homogeneous
and had three linearly independent Killing vectors as well. The existence of the
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timelike Killing vector is necessary for a suitable definition of energy. The usual
background is Minkowski space, but one can consider other backgrounds, such as
anti-de Sitter space [11], the Robinson-Bertotti metric [12], or the Melvin universe
[13]. The last is not homogeneous, but has been used as the background metric for
the pair creation of charged black holes [3]. Choosing an appropriate background for
Kaluza-Klein spacetimes presents additional difficulties [14, 15], due to the presence
of the compactified dimensions. These spacetimes will not be considered here, but
will be addressed in forthcoming papers [16, 17].
The induced metrics on the three-boundary should agree in the two solutions,
but in some cases they will agree only asymptotically, in the limit that the three-
boundary goes to infinity.3 It is a delicate matter to choose the rate at which the
metrics on the boundaries approach each other, and it will depend on the asymptotic
behaviour of the lapse function and shift vector under consideration. We shall
assume that the necessary fall-off conditions are satisfied, and shall therefore take
the induced metrics on the boundary to agree.
Since the background metric is taken to be a solution of the field equations,
the physical Hamiltonian will only have a constraint contribution from the actual
spacetime (and only if it is not a solution),
HPc =
∫
Σt
d3x [NH +NµHµ]. (24)
Because the induced metrics of the actual spacetime and its background agree on the
three-boundary, they will have the same volume element, Nλ
√
σ. Furthermore, we
can always take the angle between Σt and B to be the same for the two spacetimes,
hence the respective values of λ will also be the same. Thus, the curvature term is
simply
HPk = −
1
κ
∫
Bt
d2xN
√
σ
(
k − k˜
)
. (25)
If the background slices are chosen such that the conjugate momentum vanishes, then
the momentum contribution to the Hamiltonian will simply be from the spacetime
under consideration. However, the constraint of matching η in both spacetimes
implies that we cannot always ensure that the momentum density vanishes in the
background. Thus,
HPm = 2
∫
Bt
d2x
(
rµP
µν
σ Nν − r˜µP˜ µνσ N˜ν
)
. (26)
Since η is the same for both spacetimes, and the vector vµ lies entirely in B, the
tilting terms will be equal for both spacetimes, and hence will cancel each other
3If the spacetime has a horizon, then it may be possible to analytically continue the solution
through the horizon to obtain a second asymptotic region of space. In this case, we want to take
Σt to have an inner boundary on the horizon, rather than two asymptotic regions. Alternatively,
we could use a star, or similar physical object, to eliminate the extra asymptotic region.
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when subtracted. Thus, there will be no contribution to the physical Hamiltonian
from the tilting term,
HPt = 0. (27)
The vanishing of the tilting term is necessary for the Hamiltonian formulation to be
well-defined, because otherwise we have an unacceptable dependence of the action
on the way in which the boundaries intersect. Note that on an inner boundary, such
as a horizon, there may not be a subtraction, since the background may not have a
horizon, but, as noted at the end of section 2, the tilting term will vanish anyway,
since the horizon two-surfaces are time-independent.
For a Killing vector, ξµ, of the background spacetime, we can obtain a conserved
charge on the spacelike hypersurfaces by decomposing ξµ in terms of a lapse function
and shift vector, and calculating the corresponding Hamiltonian. Thus, assuming
that tµ is asymptotically equal to the time translation Killing vector of the back-
ground spacetime, the energy, E, which is the conserved charge associated with time
translation, is simply the value of the physical Hamiltonian, HP .
4 Examples
4.1 Schwarzschild Spacetime with Flat Spacelike Slices
We first want to consider a simple example which has a non-orthogonal intersec-
tion of boundaries, but for which the tilting term Ht vanishes, and where there is
no non-trivial spatial linear momentum. We begin by computing the terms in the
physical Hamiltonian, first for the Schwarzschild spacetime, and then for the back-
ground Minkowski space. Two different background coordinate systems are used–a
minimally matched system in which the induced metrics agree, but the values of
η differ, and a correctly matched system in which both the induced metric and η
agree. Once the terms have been computed, we can obtain the physical Hamilto-
nian. The calculations of this example and the next one both made extensive use of
the GRTensorII package for Maple [18].
If we consider the Schwarzschild solution in standard static coordinates,
ds2 = −(1− 2M
r
)dt2 +
1
1− 2M
r
dr2 + r2dΩ, (28)
and then define a new time coordinate t′ by
dt = dt′ −
√
2M
r
1− 2M
r
dr, (29)
then the Schwarzschild line element becomes
ds2 = −dt′2 + (dr +
√
2M
r
dt′)2 + r2dΩ (30)
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= −(1− 2M
r
)dt′
2
+ 2
√
2M
r
dr dt′ + dr2 + r2dΩ, (31)
which is the Painleve and Gullstrand [19] line element, most recently investigated
in [20]. This coordinate system is of interest primarily because it has flat spacelike
slices and the intersection of a hypersurface of constant time and one of constant
radius is non-orthogonal. The lapse function and the radial component of the shift
vector are non-vanishing,
N = 1, and N r =
√
2M
r
. (32)
As stated in the introduction, we want to consider spacelike hypersurfaces Σt′ of
constant time t′, and a three-boundary B of constant radius r. In order to calculate
the physical Hamiltonian, we need to compute the Hamiltonian for a fixed three-
boundary which we then let tend to infinity. Hence, take the fixed three-boundary
to be the hypersurface of radius R, denoted BR. Since the calculation is independent
of the choice of spacelike hypersurface, we do not need to fix Σt′ . We find that t
µuµ
vanishes, and hence tµ lies in the three-boundary, so that BR is evolved into itself
by tµ. The intersection of Σt′ and BR is not orthogonal, but is characterized by the
variables
η = −
√
2M
R− 2M , and λ =
√
1− 2M
R
. (33)
The two-surface BRt′ = Σt′ ∩ BR is a sphere of constant t′ and r.
As noted above, the induced metric on Σt′ is completely flat, and hence the
induced metric on BRt′ is simply the standard two-sphere metric. Thus, these metrics
have identical volume elements, while the volume element of the three-boundary BR
contains a contribution from the non-trivial value of λ,
√
h = R2 sin θ =
√
σ, and Nλ
√
σ =
√
1− 2M
R
R2 sin θ. (34)
We now would like to calculate the terms which contribute to the Hamiltonian.
The trace of the extrinsic curvature of the two-surface, BRt , is
k =
2
R
. (35)
The two-surface BRt′ is independent of time, so ∇µvµ vanishes, and hence there will
be no tilting contribution to the Hamiltonian. If we calculate the momentum tensor
density on BRt′ , P
µν
σ , and contract it with the unit normal, r
µ, and the shift vector,
Nµ, we obtain
rµP
µν
σ Nν =
2M
κ
sin θ, (36)
which is independent of the fixed radius R.
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The natural choice for the background spacetime is Minkowski space, since it
has the same asymptotic behaviour as the Schwarzschild solution. We first consider
a coordinate system in which the induced metric on the three-boundary of radius R
agrees with the Schwarzschild case, but the intersection angle, characterized by η,
is different. The correct background coordinate system, with matched η values, is
then used. The Hamiltonian is identical in both cases, but the contributions from
each of the terms depends on the coordinate system chosen.
Consider the static coordinate system with a scaled time coordinate,
ds2 = −(1− 2M
R
)dt2 + dr2 + r2dΩ2. (37)
As in the Schwarzschild case, we consider a fixed three-boundary of radius R, B˜R.
The induced metric on B˜R is then the same as the induced metric on the three-
boundary BR, and hence we can equate the two boundaries. The lapse function and
shift vector are not the same as in the Schwarzschild case, but instead
N˜ =
√
1− 2M
R
, (38)
while the shift vector vanishes. The disagreement in the lapse is due to the dis-
agreement between the boundary intersection value η in the two solutions. Since
the boundaries in the background coordinate system were chosen to be orthogonal,
η˜ vanishes, and λ˜ reduces to one.
We now want to calculate the terms contributing to the Hamiltonian. The trace
of the extrinsic curvature of the two-boundary is
k˜ =
2
R
. (39)
As in the Schwazrschild case, the two-surface BRt′ is time-independent, and hence
∇µvµ is zero. The momentum density P˜ µν also vanishes, so that
r˜µP˜
µν
σ N˜ν = 0. (40)
We can now calculate the physical Hamiltonian. Since both the Schwarzschild
and Minkowski spacetimes are solutions of the field equations, the constraint term
vanishes. The curvature contribution to the physical Hamiltonian can be calculated
by integrating equations (35) and (39) over the two-surface BRt (taking care to
include the factors arising from the difference in λ values between the two solutions),
HPk = −
1
κ
lim
R→∞
∫ 2pi
0
dφ
∫ 1
−1
d(cos θ)
√
1− 2M
R
R2

 2
R
1√
1− 2M
R
− 2
R

 . (41)
If we expand the square root in a Taylor series, then the infinite contributions cancel,
and we are left with only a finite value,
HPk = −M. (42)
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The tilting contribution is zero because ∇µvµ vanishes in both the Schwarzschild and
Minkowski cases. The momentum contribution is due entirely to the Schwarzschild
term, equation (36),
HPm = 2
∫ 2pi
0
dφ
∫ 1
−1
d(cos θ)
2M
κ
= 2M. (43)
Thus, the Hamiltonian is
HP = HPk +H
P
m =M, (44)
as anticipated. Note that there were contributions from both HPk and H
P
m, contrary
to standard expectation. However, as will be shown, this is due to incorrect matching
of the background.
We would now like to consider a background coordinate system in which the
value of η agrees with that of the Schwarzschild solution. If we introduce a new
time coordinate
dt = dt′ −
√
2M
R√
1− 2M
R
dr, (45)
then the line element (37) becomes
ds2 = −(1− 2M
R
)dt′2 + 2
√
2M
R
√
1− 2M
R
dt′dr + (1− 2M
R
)dr2 + r2dΩ2. (46)
The lapse function and radial shift vector are non-vanishing,
N˜ = 1, and N˜ r =
√
2M
R
√
1− 2M
R
, (47)
and the lapse agrees with the lapse of the Schwarzschild case. The induced metrics
on a three-boundary of fixed radius R still agree, but now the boundary intersection
is non-orthogonal, since
η˜ = −
√
2M
R− 2M , and λ˜ =
√
1− 2M
R
, (48)
which are equal to the Schwarzschild values. If we calculate the trace of the extrinsic
curvature of the two-surface, BRt′ , we obtain
k˜ =
1
R
√
1− 2M
R
. (49)
The conjugate momentum is now non-trivial in this coordinate system,
r˜µ(P˜σ)
µνN˜ν =
2M
κ
sin θ. (50)
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We see that just as in the other coordinate system, ∇µvµ vanishes.
We now want to calculate the physical Hamiltonian. To calculate the curvature
contribution, we integrate equations (35) and (49) over the two-surface (where now
since the values of λ agree, we can use equation (25)),
HPk = −
1
κ
lim
R→∞
∫ 2pi
0
dφ
∫ 1
−1
d(cos θ)R2

 2
R
− 2
R
1√
1− 2M
R

 . (51)
When we expand the square root in a Taylor series, we obtain
HPk =M. (52)
Since the two momentum terms, (36) and (50) are identical, they will cancel when
subtracted, and hence Hm will vanish. As in the previous case, ∇µvµ disappears
in both the Schwarzschild and Minkowski spacetimes, and hence there will be no
tilting term contribution to the Hamiltonian. Thus, the only contribution to the
physical Hamiltonian is from the curvature term,
HP = HPk = M, (53)
as anticipated. Note that this is an example where the constraint of matching η
between the spacetimes means that we cannot pick the background spacetime such
that P˜ µν vanishes. This is contrary to the situation when only non-orthogonal
boundaries are considered. It is obvious from the symmetry of the spacetime that
the linear and angular momenta vanish.
As noted in section 3, in order to avoid a second asymptotic region we must
consider an inner boundary on the horizon, at r = 2M . There is no background
contribution, since Minkowski space has no horizon there, and hence the result will
be the same for both choices of background coordinates. If we calculate the curvature
contribution at the horizon, we obtain
HPk = −2M,
while the momentum contribution (which was noted to be independent of radius) is
HPm = 2M.
Thus, we see that there is no net contribution from the horizon.
4.2 Schwarzschild Spacetime with Tilted Spacelike Slices
In this example, we consider a more complicated slicing of the Schwarzschild space-
time, corresponding to a Lorentz time boost in the z direction, which leads to a
non-trivial tilting term. In addition, we obtain a non-vanishing value for the spatial
linear momentum.
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If we take the Schwarzschild solution in static coordinates, and make the variable
substitution,
t′ =
1√
1− v2 (t− vr cos θ) , (54)
then the line element becomes
ds2 = −
(
1− 2M
r
) [√
1− v2dt′ + v cos θdr − vr sin θdθ
]2
+
1
1− 2M
r
dr2+r2dΩ. (55)
The lapse function is given by
N =
√√√√ r(r − 2M)(1− v2)
r2 − v2(r − 2M)(r − 2M cos θ2) , (56)
while the shift vector has nonzero components in the r and θ directions,
Nr = −v
√
1− v2
[
1− 2M
r
]
cos θ, and Nθ = v
√
1− v2
[
1− 2M
r
]
r sin θ. (57)
As before, we take Σt′ to be the hypersurface of constant t
′, and we fix the three-
boundary, BR, to be the hypersurface of constant radius R. The intersection pa-
rameter η is
η =
v(r − 2M) cos θ√
r2 − v2(r2 − 2Mr(1− cos2 θ) + 4M2 cos2 θ)
. (58)
The two-surface BRt′ is simply a two-sphere of constant radius R and time t
′.
We now want to calculate the quantities which contribute to the physical Hamil-
tonian. Expanding the relevant expressions in Taylor series, only terms which yield
a non-vanishing value, in the limit as R goes to infinity, are given. To simplify the
notation, we set x = cos θ. The extrinsic curvature of the three-boundary, BRt′ , is
k =
(2− v2[1− x2])√1− v2
(1− v2[1− x2])3/2
1
R
− 2(1− v
2)− x2v4(1− x2)√
1− v2(1− v2[1− x2])5/2
M
R2
. (59)
The derivative of η in the direction of vµ is
∇µvµ = −
vx(2− [1− 2M
r
][1− x2]v2)
r3/2(1− [1− 2M
r
][1− x2]v2) . (60)
If we calculate the conjugate momentum, and contract it with rµ and the shift
vector, we obtain
rµP
µν
σ Nν = −
M
2κ
sin θ
v2(3x2 + 1)√
1− v2 . (61)
We can now define the background spacetime, and calculate its contribution
to the physical Hamiltonian. We need to find a coordinate system such that the
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induced metric on a boundary of constant radius R agrees with the induced metric
due to the Schwarzschild solution. If we start with Minkowski space with scaled
time, given by equation (37), and then make the coordinate transformation,
t′ =
1√
1− v2
(
t′ − vR f(r)
f(R)
cos θ
)
, (62)
where
f(r) =
r
2M

1 +
√
1− 2M
r


2
e−2
√
1− 2M
r , (63)
then the resulting coordinate system gives the same induced metric, value of η, and
lapse function on the three-boundary of constant radius R as those found in the
Schwarzschild metric. If we calculate the trace of the extrinsic curvature of the
two-surface, we find that
k˜ =
(2− v2[1− x2])√1− v2
(1− v2[1− x2])3/2
1
R
− (2(1− v
2)− x2(4− v2[3− x2]))v2√
1− v2(1− v2[1− x2])5/2
M
R2
. (64)
Thus, if we integrate the difference between the Schwarschild value, given by equa-
tion (59), and this background value, then the infinite parts cancel, and we obtain
the curvature contribution,
HPk =
M√
1− v2 . (65)
The conjugate momentum, contracted with the unit normal r˜µ and the shift vector,
is
N˜µP˜
µν
σ r˜ν = −
M
2κ
sin θ
3x2 − 1√
1− v2 . (66)
We see that if we integrate this over the two-surface it vanishes, and hence the
momentum contribution comes entirely from integrating Schwarzschild term, given
by equation (61),
HPm = −
Mv2√
1− v2 . (67)
Finally, we note that, by construction, the tilting terms are equal in the Schwarzschild
and Minkowski systems, and hence cancel each other. Thus, as expected, there is
no tilting contribution to the Hamiltonian. Hence, if we add the curvature and
momentum values, we obtain the value of the physical Hamiltonian,
HP = HPk +H
P
m = M
√
1− v2. (68)
From its static value, the Hamiltonian has been decreased by the inverse of the
boost factor. As will be shown below, this decrease in energy is accounted for by
a non-zero value of the linear momentum in the z direction. Note that unlike the
case when orthogonal boundaries are used, the physical Hamiltonian now contains a
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non-trivial contribution from the momentum term. On the horizon the shift vector,
the tilting term and the curvature term vanish, so it provides no contribution to the
Hamiltonian.
We now want to consider the conserved charges arising from the Killing fields of
the background spacetime. The asymptotic value of the background spacetime, in
Cartesian coordinates, is
ds2 = −(1− v2)dt′2 − 2v
√
1− v2dt′dz + dx2 + dy2 + (1− v2)dz2. (69)
This is related to the standard static background by the transformation
t′ =
1√
1− v2 (t− vz). (70)
We can associate four Killing fields, t˜µ, and x˜µi with the translation invariance of
each of the coordinates. Since t˜µ is equal to the time evolution vector tµ, the
conserved charge associated with time translation, Pt, is simply the value of the
physical Hamiltonian, M
√
1− v2. If we consider the spatial Killing vectors x˜µi , we
find that by symmetry, the linear momenta in the x and y directions vanishes, but
due to the transformation (70), there is a nonzero value of the z momentum. The
z momentum will contain only a contribution from the momentum integral. If we
contract the conjugate momentum with the unit normal and the Killing vector, we
obtain
z˜µP
µν
σ rν = Mv(3x
2 + 1). (71)
The corresponding background value is
z˜µP˜
µν
σ r˜ν =Mv(3x
2 − 1). (72)
Thus, the background contribution will integrate to zero, while the Schwarzschild
term yields
Pz =
∫
d2x z˜µP
µν
σ rν =Mv. (73)
The resulting energy momentum vector is
Pµ =
(
M
√
1− v2, 0, 0,Mv
)
. (74)
If we calculate the norm of the vector, with respect to the asymptotic background
Minkowski space, we obtain
PµPµ = −M2, (75)
indicating that it has transformed correctly as a four-vector.
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A Kinematics
In this appendix, various standard kinematical formulae are presented, and some
relations used in the paper are derived.
A.1 The hypersurfaces Σt
The basic quantities which are induced on the hypersurface Σt by the metric gµν
and the unit normal nµ are the first and second fundamental forms, generally called
the induced metric and the extrinsic curvature,
hµν = gµν + nµnν , (76)
Kµν = hµ
α∇αnν . (77)
Any tensor may be projected onto Σt by using the projection tensor hµ
ν . In this
way, we can define the induced covariant derivative on Σt as the projection (of every
index) of the covariant derivative of the tensor in M. For example,
DµT
νρ ≡ hµαhνβhργ∇αT βγ. (78)
where T νρ is a tensor field defined on Σt. We now want to write the curvature scalar
for M in terms of quantities defined on Σt. We begin by decomposing it in terms
of the Einstein and Ricci tensors,
R = 2(Gµν −Rµν)nµnν . (79)
From the Gauss-Codazzi relations, we obtain the initial value constraint
Gµνn
µnν =
1
2
(R−KµνKµν +K2). (80)
By definition, the Riemann tensor satisfies
Rµνn
µnν = −nµ(∇µ∇ν −∇ν∇µ)nν , (81)
which, after some simplification, yields
Rµνn
µnν = K2 −KµνKµν −∇µ(nµK − aµ), (82)
where aµ = nν∇νnµ is the acceleration of the unit normal nµ. If we substitute
equations (80) and (82) into equation (79), we obtain the desired expression for R,
R = R+KµνKµν −K2 + 2∇µ(nµK − aµ). (83)
We now want to write this expression in terms of the canonical variables, P µν ,
hµν , N , and Nµ. We begin by expressing the extrinsic curvature in terms of these
canonical variables,
Kµν =
1
2N
(h˙µν − 2D(µNν)), (84)
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where h˙µν indicates the Lie derivative along the evolution vector t
µ. If we substitute
this into the action, we can calculate the momentum conjugate to the hypersurface
metric hµν ,
P µν =
1
2κ
√
h(Kµν −Khµν). (85)
If we calculate the term due to the extrinsic curvature in equation (83),
KµνK
µν −K2 = 2κ
N
√
h
[P µνh˙µν − κN√
h
(2PµνP
µν − P 2)− 2P µνDµNν ], (86)
we can then define the energy constraint as the term in the action which vanishes
when the variation of N is set to zero,
H = κ√
h
(2PµνP
µν − P 2)−
√
h
2κ
R, (87)
and hence we see that
1
2κ
N
√
h[R+KµνKµν −K2] = P µνh˙µν −NH− 2P µνDµNν . (88)
If we write
P µνDµNν = Dµ(P
µνNν)−NµDνP µν , (89)
then we can define the momentum constraint (which vanishes when the variation
due to the shift vector vanishes) as
Hµ = −DνP µν , (90)
and hence we obtain
P µνDµNν = Dµ(P
µνNν) +N
µHµ. (91)
A.2 The three-boundary B
The induced metric and extrinsic curvature of B are given by
γµν = gµν − uµuν , (92)
Θµν = γµ
α∇αuν . (93)
Since we are not assuming that nµ is in the tangent space to B, the scalar product
of the two,
η = nµu
µ, (94)
may be nonzero. Moreover, if η is nonvanishing, then the normalized restriction of
nµ to B,
vµ = λγµαn
α = λ(nµ − ηuµ), (95)
will not, in general, be equal to nµ. If we want vµ to be a unit timelike vector, we
find that
λ =
1√
1 + η2
. (96)
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A.3 The family of two-surfaces Bt
We want to consider Bt as a hypersurface embedded in Σt. Thus, the normal to
Bt must lie in the tangent plane to Σt. Therefore, if u
µ is not orthogonal to nµ
on B, then we cannot take uµ to be the normal to Bt. Instead, we must take the
normalized restriction of uµ to Σt,
rµ = λhµ
αuα = λ(uµ + ηnµ), (97)
where the normalization constant is again λ, as given by equation (96).
Thus, the induced metric is given by
σµν = hµν − rµrν = gµν + λ2(nµnν − uµuν − 2ηn(µuν)). (98)
We now want to express the extrinsic curvature of Bt in terms of quantities
defined on Σt and B. By definition, it is
kµν = σµ
αDαrν . (99)
If we expand σµ
αDα, and take the trace, we obtain
k = ∇µrµ + nµnν∇νrµ. (100)
But, using the orthogonality of nµ and rµ, we see that
nµnν∇νrµ = −rµnν∇νnµ = −λuνaν , (101)
and by the definition of the extrinsic curvature of the Σt and B,
∇µrµ = λ[Θ + ηK + λ2(nµ − ηuµ)∇µη]. (102)
Combining the two results, and using the definition of the restriction of nµ to Bt
from equation (95), we obtain the following value for k,
k = λ[Θ + ηK − uµaµ + λvµ∇µη]. (103)
Note that since vµ is the projection of nµ onto B, the derivative in the expression
for k is in the direction perpendicular to Bt which lies in B.
If we consider the momentum tensor density conjugate to hij, as given by equa-
tion (85), then it takes a different value when viewed as a density on Bt, because
the volume element has changed. On Bt it is given by
P µνσ =
1
2κ
√
σ(Kµν −Khµν). (104)
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B Coordinate Conditions
We now present some formulae due to the particular coordinate system chosen, that
is, oriented with respect to the hypersurfaces Σt, and the three-boundary B. The
formulae are primarily aimed at calculating the volume elements in terms of each
other. In our chosen coordinate system, we see that the unit normals are given by
uµ = (−N, 0, 0, 0) , (105)
nµ =
(
0,
√
g11, 0, 0
)
. (106)
If we then calculate η, we see that
η = gµνnµuν = −g01N
√
g11. (107)
We can use this expression to relate the lapse function and the intersection variable
to the first component of the vector uµ,
u0 = g0µuµ = g
01
√
g11 = − η
N
. (108)
To calculate the relationships between the determinants of the metrics, we use
the matrix identity,
(A−1)ij =
1
detA
(−1)i+j detA(i, j), (109)
where A(i, j) is the matrix formed by removing the ith row and jth column from A.
Then, since gij(0, 0) = hij , we see that
g00 =
1
g
h. (110)
But, g00 = −N−2, and hence we obtain the familiar relation
√−g = N
√
h. (111)
Using the definition γab(0, 0) = σab, equation (109) yields
γ00 =
1
γ
σ, (112)
If we then substitute in the value of γ00,
γ00 = g00 − u0u0 = −( 1
N2
+
η2
N2
) = − 1
N2
(1 + η2) = − 1
N2λ2
, (113)
we obtain the desired relation,
√−γ = Nλ√σ. (114)
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C Euclidean Formulae
There are several important definitions which are changed when we deal with a Eu-
clidean rather than a Lorentzian metric. The method of obtaining the Hamiltonian
from the action remains the same, but several of the final results contain negative
signs relative to their Lorentzian counterparts. Euclidean quantities, such as the
action and Hamiltonian, will be denoted by a circumflex. The Hilbert action for
Euclidean general relativity is
Iˆ = − 1
16pi
∫
M
√
gR − 1
8pi
∫ Σ1
Σ0
√
hK − 1
8pi
∫
B
√
γΘ
−
∫ B1
B0
d2x
√
σ cos−1 η. (115)
Performing the same steps in decomposing the action as were followed in the Lorentzian
case, we obtain
Iˆ =
∫
dt
{∫
Σt
d3xP µνh˙µν + (Hˆc + Hˆk + Hˆt + Hˆm)
}
, (116)
where the Hamiltonian,
Hˆ [M, g] = Hˆc + Hˆk + Hˆt + Hˆm, (117)
is again a sum of four distinct terms:
1. a constraint term,
Hˆc = −
∫
Σt
d3x [NH +NµHµ], (118)
2. a curvature term,
Hˆk = −1
κ
∫
Bt
d2xN
√
σk, (119)
3. a tilting term,
Hˆt = −1
κ
∫
Bt
d2xNλ
√
σ cos−1 η∇µvµ, (120)
4. and a momentum term,
Hˆm = −2
∫
Bt
d2x rµP
µν
σ Nν . (121)
In order to derive these results, it is necessary to note that nµ is now a spacelike
vector, and hence it induces a metric
hµν = gµν − nµnν .
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The normal to the two-boundary is then
rµ = λ(uµ − ηnµ),
where the normalization constant λ is now
λ =
1√
1− η2 .
Apart from these changes, the analysis is identical.
21
References
[1] J. David Brown and James W. York, Jr., “Quasilocal energy and conserved
charges derived from the gravitational action,” Phys. Rev. D47, 1407 (1993).
[2] S. W. Hawking and Gary T. Horowitz, “The Gravitational Hamiltonian, Action,
Entropy and Surface Terms,” Class. Quant. Grav. 13, 1487 (1996).
[3] S. W. Hawking, Gary T. Horowitz, and Simon F. Ross, “Entropy, area and black
hole pairs”, Phys. Rev. D51, 4302 (1995).
[4] S.W. Hawking, “The Path Integral Approach to Quantum Gravity”, in General
Relativity: An Einstein Centenary Survey, eds. S. W. Hawking and W. Israel,
Cambridge University Press (1979).
[5] Geoff Hayward and Ken Wong, “Boundary Schro¨dinger equation in quantum
geometrodynamics”, Phys. Rev. D46, 620 (1992) and Phys. Rev. D47, 4778
(1993).
[6] Geoff Hayward, “Gravitational action for spacetimes with nonsmooth bound-
aries”, Phys. Rev. D47, 3275 (1993).
[7] J. D. Brown, J. Creighton, and R. Mann, “Temperature, energy, and heat cac-
pacity of asymptotically anti-de Sitter black holes”, Phys. Rev. D50, 6394 (1994).
[8] S. R. Lau, “New variables, the gravitational action, and boosted quasilocal stress-
energy-momentum”, Class. Quant. Grav. 13, 1541, (1996).
[9] R. Arnowitt, S. Deser, and C. Misner, in Gravitation: An Introduction to Current
Research, ed. L. Witten, Wiley, New York (1962).
[10] G. W. Gibbons and S. W. Hawking, “Action Integrals and Partition Functions
in Quantum Gravity,” Phys. Rev. D15, 2752 (1977).
[11] S. W. Hawking and G. F. R. Ellis, The large scale structure of space-time,
Cambridge University Press, (1973).
[12] I. Robinson, “A solution of the Maxwell-Einstein equations”, Bull. Acad. Polon.
Sci. 7, 351 (1959), and B. Bertotti, “Uniform Electromagnetic Field in the Theory
of General Relativity”, Phys. Rev. 116, 1331 (1959).
[13] M. A. Melvin, “Pure magnetic and electric geons”, Phys. Lett. 8, 65 (1964).
[14] L. Bombelli, R.K. Koul, G. Kunstatter, J. Lee and R.D. Sorkin, “On energy in
5-dimensional gravity and the mass fo the Kaluza-Klein monopole”. Nucl. Phys.
B289, 735 (1987).
22
[15] S. Deser and M. Soldate, “Gravitational energy in spaces with compactified
dimensions”, Nucl. Phys. B311, 739 (1989).
[16] S.W. Hawking and C.J. Hunter “Misner Strings and the Gravitational Action”,
(to be published).
[17] A. Chamblin, R. Emparan, and C.J. Hunter, “Topological Defects in Kaluza-
Klein Theory”, (to be published).
[18] P. Musgrave, D. Pollney and K. Lake, GRTensorII, Queen’s University,
Kingston, Ontario (1994).
[19] P. Painleve´, “La me´canique classique et la the´orie de la relativite´,” C. R. Acad.
Sci. (Paris) 173, 677 (1921), and A. Gullstrand, “Allegemeine Lo¨sung des statis-
chen Einko¨rper-problems in der Einsteinschen Gravitationstheorie,” Arikiv. Mat.
Astron. Fys. 16(8), 1 (1922).
[20] Per Kraus and Frank Wilczek, “Some applications of a Simple Stationary Line
Element for the Schwarzschild Geometry,” Mod. Phys. Lett. A9, 3713 (1994).
23
